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The system of transport relaxation equations obtained from the linearized Waldmann-Snider
equation is the starting point for the kinetic treatment of the heat conductivity for mixtures of
linear diamagnetic molecules in an external homogeneous magnetic field. The connection of the
occurring collision integrals with certain molecular cross sections is discussed and order of magni-
tude considerations are made for molecules with small nonsphericity of their interaction. With the
Kagan polarization as the decisive rotational angular momentum anisotropy term in the molecular
distribution function, an expression for the heat conductivity ini the presence of a magnetic field
is derived for mixtures with an arbitrary number of components. The mole fraction dependence of
the saturation values is studied for binary mixtures of rotating molecules and noble gas atoms for a
simplified model. As an example, the system o-D,/He is considered.

Introduction

In a recent paper!, the moment method 2 has been
used to obtain the (infinite) system of coupled
transport relaxation equations (in the following ab-
breviated by TRE) for mixtures of dilute gases of
linear diamagnetic molecules from the linearized
Waldmann-Snider equations3;4. A special scheme of
expansion tensors (trial functions) built from the
dimensionless molecular velocity C, the dimension-
less operator for the rotational angular momentum,
J, and the dimensionless internal rotational energy
& (J) has been introduced!. The truncated system
of special TRE has been written down up to third
rank tensor equations?.

The special system of TRE can be used as the
starting point for the theoretical treatment of trans-
port and relaxation phenomena in mixtures of
dilute gases (which may consist of an arbitrary
number of components) of linear molecules in an
external homogeneous magnetic field. Experimental
work on the magnetic field effects on transport
properties in mixtures has been done for diffusion 3,
thermal diffusion & (in both cases without a measura-
ble effect having been found), viscosity?, and is in
progress for the heat conductivity8. The influence
of an electric field on the heat conductivity of
polar gas — Ny mixtures has recently been ex-
perimentally investigated by DE GroorT et al. 9.

The present paper is concerned with the Senft-
leben-Beenakker effect (SBE)10 of the heat con-
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ductivity in mixtures, in particular binary mixtures
of linear molecules with noble gas atoms. In contrast
to the viscosity case which for mixtures has been
studied theoretically by T1pl! in a classical treat-
ment, there is, to our knowledge, no corresponding
quantum mechanical treatment of the heat conduc-
tivity problem. Recently, the viscosity of mixtures
of polar gases with argon and helium has been
investigated for the electric field case experimentally
as well as theoretically by LEvi, ScoLes and Tom-
MASINI12 who followed Tip’s work.

As in the pure gas case, the changes in the heat
conductivity due to the magnetic field are related to
certain collision integrals of the linearized Wald-
mann-Snider collision term. The calculation of
these integrals from first principles, i.e. from a given
nonspherical molecular interaction is a difficult task
which will not be considered here (cf. Refs.13,14),
On the other hand, these collision integrals can, for
a fixed temperature, be used as parameters to be
determined from the experiment. The mole fraction
dependence of the saturation values (Al” |2)sat and
(A2, |A)sat from which these collision integrals could,
in principle, be extracted, is experimentally studied
by HEEMSKERKS, in particular for mixtures of
rotating molecules with noble gas atoms.

In the following, the system of special TRE
needed for the treatment of the magnetic field
effects on the heat conductivity is selected from
Ref.1. The relevant collision brackets are discussed

* Present address: Institut fiir Angewandte Mathematik IT
der Universitdt Erlangen-Nurnberg, Erlangen.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung
@ ® @ in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der
BY ND Wissenschaften e.V. digitalisiert und unter folgender Lizenz verdffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fiir Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs
3.0 Germany License.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*“) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



1384

and their orders of magnitude are estimated for
molecules with small nonsphericity. In that case the
relaxation coefficients can approximately be ex-
pressed in terms of Chapman-Cowling integrals15,
The connection of the cross coefficients with mole-
cular orientation cross sections for the 2nd rank
tensor polarization of the rotational angular mo-
menta is discussed. An expression for the heat con-
ductivity tensor is derived. In the last section, the
mole fraction dependence of the saturation value of
the SBE is investigated for binary mixtures of linear
molecules with noble gas atoms. In order to simplify
the calculation and to avoid the introduction of
more than one adjustable parameter, a sim plo model
is used. In it, only the coupling of the K
larization16 with the rotational heat flux is taken
into account. The remaining parameter then is the
ratio of an effective cross section for the production
of the tensor polarization in molecule-atom collisions
and the corresponding effective cross section for
molecule-molecule collisions. As an example, the
0-Dy-He mixture at room temperature is considered.
The relaxation coefficients are evaluated for the
classical rigid sphere model. The mole fraction
dependence of A4/2 is finally plotted for different
values of the above parameter.

auan po-

I. The Special Transport Relaxation Equations
for the Thermal Conductivity in Mixtures

A gas mixture consisting of K species of lincar
molecules (species label ¢ = 1, ..., K) in a homo-
geneous magnetic field is considered. Starting points
for the treatment of the heat conductivity problem
are the vector equations in Table 2 of Ref.!, taken
for the stationary case. In first order hydrodynamics
the gradients of all quantities except of those which
obey the local conservation laws are put equal to
zero. Experimental arrangements are considered
where the mean mass velocity of the gas is zero (no
convection) and the diffusion fluxes vanish. This
implies that the average velocities (¢;> o< a{") can
be put equal to zero.

In the stationary state, the individual temperatu-
res (translational and rotational temperature of
each species) have relaxed to a common temper-
ature 7'(x); a temperature gradient ¢7'/Cx in the
gas is caused by a temperature difference main-
tained externally. Thus we can put in the vector
equations of Ref. 1
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vag.ﬂw»;o 1/2 VT(x), (1.1a)

Va® ~

75 VST (=), (11b)

where 7'y is the equilibrium temperature (the devi-
ation of the gas from thermal equilibrium being
small), crot,; is the rotational heat capacity per
molecule at the temperature 7o for the species 7,
and kg is Boltzmann’s constant.

The heat fluxes qtrans and q,,; can be expressed
in terms of the vectors a{® and a{¥ by 1

/"5' K
s=|/=ksT d;al? | 1.2a
qtrans V ¢ “BLo igl ia; ( )
1 K .
qrot = V3 ks To Z d; a§~4) . (1.2b)
=1
The abbreviations
d; = ng0¢q, (Z-:nioc’\i, (1.3a)

have been used in Eqgs. (1.2a, b). The thermal velo-
cities ¢; and ¢; are defined by

/ erot. i

Lo, (1.3b)

= l//3 kg T})/ﬁml 3 (’: =

The equilibrium particle density of species ¢ has
been denoted by n;9. The total heat flux q is the
sum of @rans and qrot-

For the situation considered, the relevant vector
TRE are the following:

2 - 9
V3 onihd® + jowihxa®), (4

— e 0 il b, 4 ? Z

(2%") (k") —
%) ! o T2 2 s10$alk) =0,

Vo7 VT + Z z (1.4b)

(3K’) (k) —
105" ajy, =0,

V3 T V,,T—I— Z Z 1(057“;"')(12-’,‘;):0, (1.4c)

3 .
wg.i(h X a®), - oy, ihyb?,

2 W, i VlO
K 5

+§ > —10feE) =0. (144)
k’—o

v

The vectors a{®oc (e x J); and a{® o« (JJ-c);
both describe nonequilibrium correlations between
the molecular velocity ¢ and the molecular rota-
tional angular momentum 7% J; the symmetric trace-
less tensor built from the components of J is

denoted by .ﬁ The vector a(® is called “azimuthal
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polarization®, the vector a® is called “Kagan

polarization“. As can be seen from Eq. (1.4a), the
azimuthal polarization is coupled by way of the
precession term — wy ; is the precession frequency
of the magnetic moment of a molecule “¢*‘, h is a
unit vector in the direction of the magnetic field H
— to the pseudoscalar b{" and to the 2nd rank
pseudotensor b{l),, the physical meaning of which
has been explained in 1. Thus, in addition, the
following two equations have to be considered:

~ K
— V% on,ihya -{—_Z —ow{}? V=0, (1.5a)
i=1

®H,i
¥ hua@) +or,:02, . b2 by

+ ]Zl.zmg.;l) b, =0. (1.5b)
The tensors [J* ; h; describe the infinitesimal
rotation of an /th rank tensor about h and have
been used in Ref. 1.

In the same manner the Kagan vector is coupled
in Eq. (1.4d) by way of the precession term to the
pseudotensor b3),, so that Egs. (1.4) have to be
supplemented by the following equation for the
pseudotensor

3
VIO WH, lhua“,) + *wy iD,“. 1 ”,,}L;_b““,

+ V wH, Jmamm + Z 2(0(22)b§ﬁ), =0. (1.6)

In Eq. (1.6) the third rank tensor a{Z), appears.
Therefore we must also take into account the second

of the third rank tensor equations of Table 2 in 1:
- V WH, lbﬂ zv). -+ 2(')11 i D,uvl %, y’v'l’h”a’m "y A

+z _so@a®, =0. (1.7)

The physical meaning of the tensors (), and a{2),
can be inferred from Ref. 1; together w1th the Ka-
gan vector these tensors are essentially the irredu-
cible components of the flux of the tensor polariza-
tion.

The set of Egs. (1.4)—(1.7) is sufficient for the
calculation of the SBE of the heat conductivity for
gas mixtures with an arbitrary number of compo-
nents. In the Egs. (1.5)—(1.7), the cross collision
brackets o), k + k', have tacitly been neglected
compared with the relaxation coefficients (k = £’).
This is certainly correct for molecules with a small
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nonsphericity of their interaction (see the following
chapter). Nevertheless, the Eqs. (1.4)—(1.7) are
still too unwieldy and further simplifications will
have to be made. Firstly, the coupling between the
azimuthal polarization and the Kagan vector will
be neglected since it would lead to higher order cor-
rections in the (small) nonsphericity. Secondly, a
“spherical** approximation for the relaxation coeffi-
cients will be made. This procedure is explained in
the following chapter; one important result follow-
ing from the spherical approximation is the equality
of the relaxation coefficients of the irreducible
components of a reducible tensor, e.g. the flux of
tensor polarization.

II. Collision Bradkets

In this chapter the reduced collision brackets
p1o¥) of the linearized Waldmann-Snider collision
operator relevant for the heat conductivity problem
are discussed, in particular for molecules with small
nonsphericity of their interaction. We recall that
the reduced collision brackets piw{¥*" are abbrevi-
ations for sums of the more basic brackets plwg-"")—'
and po@)77 which arise directly from the line-
arized collision term [cf. Eqgs. (3.4)—(3.6) of Ref 1],
viz.

pIo®) = poETT 4 645 > prof7,
i

Eq. (4.12) of Ref. !

where P and ! denote parity and tensor rank of the
expansion tensors (labelled with & and £') involved.
For further treatment, it is convenient to intro-
duce the following dimensionless molecular quan-
tities:
Dimensionless center-of-mass velocity :

V = (mi+ mp)2ks Toc, 2.1)

where c is the center-of-mass velocity.

Dimensionless relative velocities before and after
the collision, respectively:

Y=ye= ]/mi;/2%B T;)g’, (2.2)
y=ye=)my2ksTog,

where m;; is the reduced mass, g’ =g’e’ = ey — ¢qp,

g = ge = c1 — cy1. Since a possibility of confusion

does not exist, it is not necessary to supply ¥, y.

and y’ with species labels 7.
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Dimensionless internal rotational energy:

Eix= E;i(J1)|ksTo etc., (2.3)
where E;(J)=hr2J(J + 1)/20;.
By use of the abbreviations
= Vmaf(mi+ mg) ,  My=Y'my/(mi + my) ,
Cia= Vmi/2 kgTyer, ete. (2.4)

the kinematic collision equations are

Ca=M;V+ Mj'ye, CjII———MjV—Mi‘ye. (2.5a)

Ca=M;V+M;y'e, CH—MjV M;y'e'. (2.5b)
With the energy transfer
46 = n+ Em— v — Enrv s (2.6)

the energy conservation in a collision is expressed by
2=+ AE. (2.7)

With the use of Egs. (2.1), (2.2) and with Eq. (3.1)
of Ref. 1 we obtain the following relation for the
product of two equilibrium distribution functions

) £9} dBerdierr = miomjo (@i @)1 ~3 (2.8)
exp(— V) exp(— y2 — &1 — &) A3V p2dy d2e.
Next, the following molecular cross sections

which will occur in the expressions of the special
collision brackets, are defined.

a) The ‘“unpolarized differential cross section‘
0 (LIL, I' IT") which is equal to the differential
cross section averaged over the initial and summed
over the final magnetic quantum numbers for the
time reversed collision process (cf.13), viz.

Ji+ Ju—Jy+ Jq, is given by
@Ju+ 112

ITL T II'aTI II', 111

o= (2J1+ 1)1

< trrtrir{aj; (2.9)

In Eq. (2.9), al/" 10" is the single channel scattering

amplitude (matrlx with respect to magnetic quan-
tum numbers; remember that the matrix property
is expressed by the superscripts I, II, etc. 1), intro-
duced in Ref. 1, and “tr¢ is the trace over the
magnetic quantum numbers.

b) The ‘orientation cross section for vector
polarization‘ is defined by
offf = @Ji+ 1) @Ju+ 1) 7

|/3tr1trn{a”1 'Y aTI II', 111 JI } , (210)
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where n = (e’ X e)/sin y is the vector normal to the
scattering plane and y = arc cos(e’ - e) is the angle
of deflection.

¢) “Orientation cross sections for the 2nd rank
tensor polarization of the molecular rotational
angular momenta are defined by

of) = (2Jr+ )7 @+ 1)1 (2.11)

- trytryp { Lty a” i, IHVI; JIJT @uev} ;

and, analogously, for o{’?, ¢{;*".

d) “Reorientation cross sections“ for the Ith
rank tensor polarization:

21
reof = (2J14 1)1 (2Ju + 1 )12 L + M 2.12)
r-—1
trItrH{JI m g}n i [aTI I, 11T JI ] ] By
—
where J,It1 d }“ is the Ith rank irreducible Car-

tesian tensor operator built up from the rotational
angular momentum vector JI for molecules <I¢.
The analogous expression ream] is defined by re-
placing JT by J™ in the commutator in (2.12). The
arguments I, IT, I', II' of the cross sections denoting
their rotational quantum number dependence have
been omitted for simplicity.

The orientation cross sections describe the pro-
duction of various sorts of alignment of the rota-
tional angular momenta of the molecules “I* in a
collision process J 1 +J ;I —J1+Jr. (rotational
quantum numbers). Since the trace of an irreducible
tensor vanishes, they are connected with the
magnetic quantum number dependent part of the
binary scattering amplitude and thus with the non-
spherical part of the intermolecular potential. The
reorientation cross sections describe, roughly speak-
ing, the change of an already existing alignment of
the rotational angular momenta. They vanish also
for a purely spherical interaction, because in this
case the commutator in (2.12) is zero.

For molecules with small nonspherical inter-
action, the scattering amplitude can be written
approximately (up to linear terms in a scaling para-
meter ¢ which essentially measures the ratio of the
nonspherical and the spherical part of the poten-
tial13,14) as

QI ILT'IT"

al, —al® P oy pyp + ca@UILIT

(2.13)

where a(o) is the magnetic and rotational quantum
number independent (“spherical®) part of the
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scattering amplitude, PIII is the two-particle pro-
jection operator in rotational angular momentum
space [see Eq. (1.7) of Ref. 1], and ¢ a{PTILTIT jg
the first order DWBA “nonspherical“ part of the
scattering amplitude (¢ € 1, valid e.g. for the
hydrogen molecules). As can be shown in the first
order distorted wave Born approximation (DWBA)
for scattering of linear rotating molecules3, 14, the
trace trytryr {a{PT™E T} vanishes. Thus we have
by means of (2.10)

oi IILT'II') = o' 6111, 1 1ir + 0(¢2);
o = |a|2, (2.14)
where the d-symbol expresses that the spherical
part of the scattering amplitude is connected only
with energetically elastic collisions. Furthermore, it
can be shown within the same approximation13,14
that the orientation cross section for the vector
polarization is at least of the order ¢2 due to in-
elastic collisions while the orientation cross sections
for the tensor polarization are linear in ¢ for elastic
collisions and quadratic for inelastic ones. In any
case, the reorientation cross sections (2.12) are at
least of 0(£2) because the commutator is linear in ¢.
These statements are useful for estimating the
orders of magnitude of the various collision brackets
for molecules with small nonsphericity.
The reduced collision brackets pw®77 and
piw®)717, defined in 1 by the Eqs. (3.4), (3.5), (4.10)
can, in general, be factorized in the following way

le(il]ek)‘l,j‘l — "jOUO'Plo'g-’fk LT (2.15)

where njo is the equilibrium particle density of
species j, vo = |/8kp To/nm;; is a mean thermal
velocity, and the quantities plog?’") are effective,
temperature dependent cross sections which are
(for k= k') not necessarily positive.

Next, general expressions for the effective cross
sections are given. It is useful, to introduce the
following bracket symbols

{~}=a—32 fexp(—VZ) (---)d3V, (2.16)
and
[ =2a(Q:i Q)1 > (2J1+ 1) (2Ju+ 1)
J1, Ju, Jr, Jir
X [[exp(— &i1— Emr— y?) y3(-+-)sin ydydy.
(2.17)

The first bracket symbol, Eq. (2.16), denotes an
averaging over the center of mass velocity. The
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second one, Eq. (2.17), describes a weighted aver-
aging over y and the postcollisional rotational
quantum numbers J, J11, as well as an integration
over the angle of deflection y and a summation
over the precollisional rotational quantum numbers
J1, J1r. In the following we restrict ourselves to the
discussion of three relevant cases:

a) Let @{F®) . and DLE) be “classical” ex-
pansion tensors, i.e. c-numbers in rotational angular
momentum space depending only on C; and &;. By

application of the optical theorem to the expressions

(3.4) of Ref. 1 and with the use of Egs. (2.8)—(2.17)

we obtain

pro®®)T = 2(21 4 1)1 (2.18)
* Tou{OiED, . (PR — DAL )M

and the corresponding effective cross section
plag?"'h Tis obtained if in (2.18) the term (®;1—D;1’)
is replaced by (@11 — Pjir).

b) Now let @{F¥) =~be a “classical” expansion
tensor and @{f®...., a “quantum mechanical” one,
i.e. the latter shall depend on J. Then one finds

o7 =221+ 120 ) (@R~ BT..0)

pi...u I p..
X tI'I trII [Q)I(Pk) III I II'aTI Ir, II[]}'H 2 19

THL.. 1 14

The expression for p;o*7717 differs from (2.19) by
(¢jII — Q;H') occurring instead of (D1 — ¢iI’)-

¢) Finally, the expansion tensor @ZF  shall be
a “‘quantum mechanical” one. The effective relaxa-
tion cross section is then given by

plO'g'Ck)—l =221+ 1)1
% [[(yl/y) {trI trII [¢I(Pk) aIII 1L

THL.. Y (220)
X [afU A GIPD _ GIED QiU

and p;o¥¥)717 is obtained if one replaces @f, @} in
the commutator by @1, @I, Since we are not inter-
ested in the eoupling of two different “quantum
mechanical”” expansion tensors we do not deal with
this more general case. In (2.18)—(2.20) we have
used the fact that after evaluation of the integration
over ¥V and the spin traces, the remaining scalar ex-
pression can depend on the unit vectors e and e’
only by way of the scalar product e - e’ = cosy. It
is possible then to reduce the integral [ d2ed2’...
of Ref. 1 by 8a2 [sinydy ... and to apply
Eq. (2.17).

For ¢ = j one recovers easily in all cases that

PO@EIT L po@EITT = &)
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where ow$¥) is the corresponding collision bracket
for the pure gas of species ¢ which has been defined
in Refs. 17.

For molecules with small nonsphericity, a “‘spheri-
cal” approximation for the collision integrals (only
the “‘spherical” part of the scattering amplitude is
considered) can be made for certain cases of a) and
¢), viz. always when the resulting expressions are
unequal to zero. This approximation can, however,
never be made in case b) because the trace is always
of order ¢ or &2 due to the nonspherical part of the
scattering amplitude. In the “spherical” approxima-
tion one has only elastic collisions, ie. y" =y,
Jy = J1, Jig = Jir. Since the “‘spherical” part of
the scattering amplitude, a{?’, does not depend on
magnetic and rotational quantum numbers, the spin
traces and J-summations can easily be performed as
well as the V-integration. The remaining expressions
for (2.18), (2.20) can then be written in terms of
Chapman-Cowling integrals15 which are defined by

L —
25

1: 27 [exp(— y?) y2ri3
0

X ‘ 1 —costy) () sin ydydy, (2.21)

0
where ol ) has been defined in Equation (2.14).

Now let us consider the special effective cross
sections occurring in the heat conductivity for
molecules with small nonsphericity. Without terms
in O(e?) (i.e. in “‘spherical approximation”) the
following are the relaxation cross sections of
“classical” expansion tensors, obtained from
Eqgs. (2.18) and (2.21):

1) Relaxation cross sections for the translational
heat flux

hoE9 T — M4 M2 —1[(16+4°( ) QY (9.99)
— 3( ) Q(I")_+_32( ) o (LW, A ™ _Q(zz)}

s =1 , 32 O,
e_pl;gg.}%)—m = (M; Mj)3v [_ 88 _Q(l 1) + 32 _QE_I_ 2)
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h (44)77 _ 16 2,—1 01,1
ol = 18 M2y 1 QLD (2.24)

Ml 11 =0, (2.25)

The cross sections which couple the translational
and rotational heat fluxes are linked with inelastic
collisions only. Thus they are of order &2 and can
be neglected compared with the “diagonal’ relaxa-
tion coefficients.

3) Relaxation cross sections of the azimuthal
polarization and the Kagan polarization:

h (22 __ sph (55 — 16 245—1 1,1
PRGN = BT — 18 M2yt QD . (2.26)

The corresponding cross sections *4g;17 vanish
since one has (cf. (2.20)) tr (@}, ) = 0. Further-
more, we have

iGN = SBGUDT — WO (2.27a)

s 29 -
M — Mg — e, (2.27h)
Equations (2.27a,b) express the fact, that in

“spherical” approximation the relaxation cross
sections of the irreducible parts of a tensor are
equal; reorientation cross sections (2.12) do not
occur within this approximation.

Next, the coupling cross sections between azi-
muthal polarization and Kagan vector on the one
side, and translational and rotational heat flux on
the other side are discussed. Abbreviations for

equilibrium mean values of J2 and J2(J2— 3/4)for
species ¢ are introduced by
a1s = (IDHME, am = (J2(J2 - 3[4))5'7. (2.28)

Then from Egs. (2.16), (2.17), (2.19) and with the
definitions of the orientation cross sections for vec-
tor- and tensor polarization, Egs. (2.10), (2.11), the
following expressions for the coupling cross sections
are obtained:

1) Coupling cross sections between azimuthal polari-
zation and translational heat flux

32 Q(l 3) _+. 64 Q(2 2)] (223) - 0(2-3)1 = 5{/5 7” %17 L'}/'y 5/2 — ‘}/ O’I,)Sln x]]
. : (2.29a)
2) Relaxation cross sections for the rotational
heat flux _10’2-]23)1—l = — (.le,,/.ﬂ.[j)ri _10%;‘;3)—l . (229b)
2) Coupling cross sections between azimuthal polarization and rotational heat flux
0T = 1/ c2my_B M3oai[yy' ({Eido — Eir) off) sin 4], (2.30a)
10§71 = < }/i‘iB M; Moy y' (6 — {Eio) off) sin . (2.30Db)
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3) Coupling cross sections between Kagan polarization and translational heat flux

10897 = 413 M2an[y2(1
10T = /3 M Moy (7/2 — ) off) —

+ M2 — 7/2) o) —

4) Coupling cross sections between Kagan polarization and rotational heat flux

(BH
—104; =i V 15¢ c,- t

—10391 T =4 VWI:T” Mi Mjozi[y?((E5>0 — Em) off + vy (Eyr — {Eo) ot ].

For homonuclear molecules, the orientation cross
sections for tensor polarization (2.11) contain con-
tributions linear in the non-sphericity parameter ¢
due to elastic collisions13.14 while the orientation
cross section for vector polarization, Eq. (2.10), is
at least quadratic in e. Thus the coupling cross
sections (2.31), (2.32) are one order of magnitude
larger than the cross sections (2.29), (2.30). It can
also be shown in DWBA13,14 that, linear in ¢, we
have (% = o{%?) + (¢’ which implies, e.g., that

10397 = — (M M;)? 16P7 + O0(e2).  (2.33)

Thus, in the case of homonuclear molecules (with
a Po-type nonspherical interaction13.14) the domi-
nant contributions to the SBE of heat conductivity
will be determined by the coupling of the Kagan
vector with the heat fluxes. This statement, how-
ever, seems also to be true for heteronuclear mole-
cules, such as HD, as one can infer from the ex-
periments.

Finally, we mention that the effective cross sec-
tions _10(" ®) with k' =3,4 and k=2,5 can be ob-
tained from Eqs. (2.29—2.32) with the help of the
Onsager symmetry relation, Eq. (4.14), of Ref.1.

I11. The Heat Conductivity in the Presence
of an External Magnetic Field

The system of transport relaxation Eqgs. (1.4a) to
(1.7) is considered once more. Using the results of
the last chapter we can neglect the contributions of
the azimuthal polarization to the SBE certainly for
homonuclear molecules with small nonsphericity,
such as Hy, Ds. The experiments10 show, however
that this neglect can also be made for arbitrary
linear molecules. Thus the Kagan polarization is the
decisive rotational angular momentum anisotropy
term in the molecular distribution function. Further-
more, the cross coefficients coupling the translational

Fazi[y2(Sir — {Eido) ol — v ¥'(&

M2 o) + Miyy'(5/2 — y?)of], (231a)

2 a‘” )~y (52 — "2 g<§§ 1. (2.31b)
i — (E0) o], (2.32a)

(2.32b)

and rotational heat flux vectors are neglected com-
pared with their relaxation coefficients. The matrix
103 becomes — according to the results of
Chapter II — diagonal with respect to ¢, j in the
““spherical”” approximation for which also the rela-
tion, Eq. (2.27b) holds. This relation will greatly
simplify the calculation of the heat conductivity
tensor.

Next, some remarks on the notation have to be
made. In the following, matrices with respect to the
species labels (¢, 7) will be denoted by boldface Greek
letters (e.g. w) and columns with respect to the
species labels by boldface Latin letters (e.g. a(»).
The dot “o” will denote the matrix multiplication
(e.g. wo¢ which is again a matrix or w o a{®
which is a column). The inverse matrix of w is
denoted by x, i.e. ¥ o w = 1 where 1 is the unit
matrix. The Greek index notation for Cartesian
vectors, tensors etc. will be maintained. Since in
the following only Pl= —1 will occur, the sub-
scripts “_1”" on the left side of w.. and .. will be
dropped for simplicity.

It is convenient to introduce a matrix ¢ by

(3.1)

where wy; = M is the precession frequency (y;is
the gyromagnetic ratio) for the magnetic moment
of the molecule ““¢”’. Two Cartesian vectors B, and
A, which are columns in the index space are also
introduced by

Ay=2a®hh,.

B, = bf,,)h, ; ajl, (3.2)
If Eq. (1.6) is multiplied with A, sP2% (55 and Eq. (1.7)
with A,k ;SPhy (55 from the left and the definitions
(3.1), (3.2) are observed then the system of trans-

port relaxation equations can be rewritten in the
form (for e, ¢ see Eq. (1.3b))

Ve

@ij = ofi - PG,

VT + 0B o0a® + B9 o0al =0,
0
(3.3a)
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V13 7 VuT + 002 + w9 0a® =0, (3.3b)

3 3
—yeoalamhit oeoButal (33

4 %655 0 63 0a® + %65 0 N oa® =0,

3 T 5
_ W‘Poaf)h'h” e %cponsuwz’u + By

+V—§—A,,=0, (3.3d)
— 1/ 2@ oByhuhy — 2 @oAyeuahs+Ay=0.
3 3
(3.3¢)

In order to solve this system of coupled vector
equations, i.e. to express a®) in terms of the tem-
perature gradient V,7T, second rank tensors are
introduced which act as projection operators1?

PED =3 (0uy — buhy £ iepanhs), PQ =hyhy . (3.4)
They have the following properties!?
Pg:t) PE'T;.) — §(mn) PSZ) , PEZL). _ PL—v_M) - ZP,an — (Sm;.

m

(3.5)
The vector equation

S fm P@a, =1, (3.6)
m

(with f(m) being arbitrary complex functions) then
has the solution
ay =3, (fm)1 Pb,.

m

(3.7)

Furthermore, one has
epahaay = i(Pf}u) = PSJI)) Ay .
(3.8)

Using Eqs. (3.5)—(3.8) we first express the vector
A, in (3.3e) in terms of the vector B,. Next we

ayhyhy = PO ay,

with the heat conductivity tensor

W.E.KOHLER AND H. H. RAUM

insert the result into Eq. (3.3d), express B, in terms
of a) and, finally, a® in terms of a®, al). One
obtains

ajf) = .| PL',, + -t PL 4 <t P)
0 (K69 0w 0a® + %9 0 G 0al), (3.9)

where
|| — p(0)
P,,=P

uv

— 1 —
PL=P® 4 PGY,

Pl = —i(PQ— PCY)  (3.10)

are projection operators which project out the com-
ponents of an arbitrary vector a in the direction
of h, perpendicular to the h-direction, and in the
transverse direction h X a, respectively. In Eq. (3.9)
the following abbreviations have been introduced:

ll=(1 +@op)lo(l+Zpoeg), (3.11a)

t={1—Flpopo(l+poep)?
+8qopo(l+4pop)l]}, (3.11b)

= — Spo[(l+cpoep)l
+4(1 +4oe)1].

If Eq. (3.9) is inserted into Egs. (3.3a, b) and
1/5/6 ks Todt o x3¥ ois applied from the left to Eq.
(3.3a) and (1/]/3) kg ToaTo »“)oto Eq. (3.3b) (for
d and d see Eq. (1.3a), the “t” sign denotes the
transposed column, i.e. a row) and the results are
added, an expression for the heat flux is obtained.
But the right hand side of this expression still con-
tains the vectors a{®) and a(). Since, however, the
corrections due to the Kagan polarization are small,
the first step of an iteration is sufficient. One ob-
tains for the total heat flux

qGu=—Aw(H)V,T,

(3.11c)

(3.12)

Ay (H) = 2(H = 0) {0, + [3 8% 0 B9 0 ¢ + 8% 0 349 0 &1 % (Vg dto %G9 0 @ + dto %@ 0 w0 49)

0Ty o % (55) ( V g w®)oxBdoe + w®d oxddo ¢ ) } )

The tensor Ty, is defined by

= Pl (xIl — 1) + PL(z+ — 1) + P <™,

(3.13)

(3.14)

(Tur(e@ =0) =0) and;the zero field thermal conductivity is given by

AH=0)="2

0(1/52"” w690 xBH o6 + wbHoxod)

g dtoxGIoe ~dtox@oc 4+ (Vg dto %33 0 w®5 + dtox (@ o w (45)) o %(55)

: (3.15)
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Equation (3.13) is valid for mixtures of an arbitrary
number of components consisting of linear rotating
molecules with small nonsphericity of their inter-
action. The formal expressions for the saturation
values for the parallel and perpendicular SBE

(ANA(H = 0))sat

= (W(H — o0) — 2(H = 0))/A(H = 0)), (3.16)

Of course, Egs. (3.13)—
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and, analogously for (41, /A (H = 0))sat can easily be
extracted from (3.13) if one observes that

(@ —>o0)=(— 3Pl — 2 PLy1. (3.17)
Then, for fixed mole fractions, also the relation

A2+]A2 = 3/2 holds as well as in the pure gas
case14,18,19,

(3.15) must cover the pure gas case. Indeed, the columns, rows, and matrices

with respect to species labels then become single numbers and one obtains the well known result 19

253 (H) = 10 (H =

0) {5,w + [6/2 0@ 4 crot/kn 0]
(@) h/ @033 + V Crot W@ w(441)J _— <p)}

(3.18)

In (3.18), the precession angle is ¢ = wy/w®3 and Eq. (3.15) gives

Zpure (H - 0) o _no k’LTO,_ [
m

To obtain (3.18), (3.19), use has also been made of the Onsager symmetries %% = »®3 and »®

»@5) (cf. Refs.14.17).

IV. Concentration Dependence
of the Senftleben—Beenakker Effect
for a Binary Mixture of Rotating
Molecules and Atoms

The dependence of the SBE on the mole fractions
is complicated, in general, since the w, ®, ¢ ma-
trices as well as the quantities d, d are concentration
dependent. To get some insight into the structure
of the mole fraction dependence, a particular binary
mixture is considered consisting of linear rotating
molecules (‘“1”’) and noble gas atoms (““2”’). Although
the expression (3.13) for the heat conductivity ten-
sor is considerably simplified in this case, the ex-
plicit expressions for the saturation values

[42/2(H = 0)]sat

(with A4 = AAV or AAL) contain still too many
unknown parameters. Since the occurring relaxa-
tion coefficients can — in “‘spherical” approxima-
tion — be expressed in terms of Q-integrals (see
Chapter III) the unknown parameters are the effec-
tive orientation cross sections
65,;’33)1,’17 , 023’;4)‘1,7—1 (2, 7 =1,2).

The calculation of these cross sections from a non-
spherical potential is a formidable task13.14 and
will not be considered in this paper. Therefore these
coupling cross sections are treated as parameters.

5/2 039 + crot/kp Y+ (0

‘[ w(53)/w(33) + V Crot (54)/60(44))] (3.19)

(54) —

The fact that cror and the vectors @, @® (rota-
tional heat flux, Kagan vector) are equal to zero
for the noble gas reduces the number of parameters,
but still too many are left.

This difficulty is overcome by the following model
assumption: The coupling of the rotational heat
flux @) with the Kagan polarization @) gives
the dominant contribution to the effect, the coupl-
ing of the translational heat flux with the Kagan
vector is neglected. This assumption (which is in
good agreement with experiments for pure Ha, Ds)
may be approximately valid for homonuclear mole-
cule-atom mixtures and reduces the number of un-
known parameters to two, namely the coupling
cross sections o = o307 + oM (effective
orientation cross section for the pure gas of mole-
cules “1”) and o{3Y7 which involves the molecule-
atom collisions. If the mole fraction is introduced by

& = mao/(n10 + M20) (4.1)

(x=0 if only molecules are present, x =1 for the
pure noble gas) then in the “‘normalized” expression
(A2 A)sat (®)[(A 4] A)sat (x = 0) only one parameter ap-
pears, viz. the ratio of the two orientation cross
sections ¢{397/g{3%. This ratio is a measure of the
effectiveness of the molecule-atom collisions rela-
tive to the molecule-molecule collisions for produc-
ing a tensor polarization of the molecules if a heat
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flow is present. It has thus a direct physical mean-
ing. The model calculations give insight into the
characteristic features of the mole fraction depen-
dence of the saturation values for the parallel and
perpendicular effect and may be considered to be
representative also for the more general case.

Starting from Eq. (3.13) we obtain in our model
for (AA/A)sat €.g. (A = A(H = 0))
(A2 A)sat = — 2 [2 %0 %@ 0 ¢ 4 dy o1 /(D] L

X d1 ({3 03P [0 oD ")(1414)) c1. (4.2)

In deriving Eq. (4.2) use has been made of the fact
that the quantities é\, &, W), W) WG (5
have to be treated as numbers in the species label
space (this can be inferred from the system of TRE,
Eq. (1.4)). Next, we observe that any o{*" diagonal
in the species labels can be written in the following
form [cf. Eq. (4.12) of1]

(U(Lk ) - N0 Vio (Usjfk')j + o_%-}y)j = Z ”]'0 v O.(kl )—1

09ij
(4.3)
and any non-diagonal collision bracket as
W) = nyovp o177, (4.4)
In Egs. (4.3), (4.4).
vio = |/16 kg To/mm; ,

Vo = 1//8 kB To/]‘t?)lij =

1.
vo=J/8 kg To/7miyr and

The effective cross sections ¢  are independent of
concentration; the notation ¢; = g + ¢,/ 1 will
be used. After some algebra onc obtains

A% A2
<7*7)sat (x)/(ixr)snt (.L' - O)

_A@@) A(0) + B(O) C(2)

T A4(0) A(x) + Bx) €(0)°
where the functions 4 (x), B(x) and C(x) are
A (x) = (crot/kB) (1 — &) [(f1 03P (1 — ) + o3P T 2)
(B2 0Pz 4 o897 (1 — a) — (1 — ) (6PN,

(4.6)

(4.5)

Bx) =73 (0-(44)7 x (4.7)
" Brot(t — a)[(l — ) (o (1 —
+ B20P®a) —a(l —x )2 B2 By 1 o377
+ BT o+ o1 — ),
C(@)= (P1(1—2) +b2)? (B10P? (1—2) 4 0P 7T 2)1
BB (1 — 2) o) + 40T ) (4.8)
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The abbreviations

f1 = (v10/vo) = (2mz/(m1 + m2))1/2,
ﬂg = (v20/vo) = (2my[(m1 + "12))1/2 5 (4.9)
and
b= g3 [ol50 (4.10)

have been used. The diagonal effective cross sec-
tions can, in “‘spherical”’ approximation, most easily
be calculated for the classical rigid sphere model.
The results are (i, = 1, 2)

8n

o = 57 a2, (4.11a)

(4.11b)
AT = e )
o) = 55 — 23” a2, (4.11d)
g7 = 6@ — 4,3” ; mi'r—"{?m,- a3, (4.11e)

where a; is the diameter of the molecule, as is the
diameter of the noble gas atom and a5 = (a; + as)/2.

2.0
parameter b
15 H 2.0
(4]
AAJ- 10
T)sa!,x:l)
0.5
00
0.0 T T T T \ i T T T —
00 01 02 03 04 05 06 07 08 08 10 X
100 % o-D, 100 % He

2% Dy /(“o-Dz‘ LITR)

Fig. 1. Relative change at saturation of heat conductivity
for He/o-Dg mixture versus mole-fraction for several values
of the parameter b defined in Equation (4.10).

As an example, the system o-D;/He has been
chosen. Calculations have been performed for room
temperature (crot/kpa1). The values a; =2.76 A,
as=2.18 A, a;o=2.47 A have been taken from the
rigid sphere viscosity cross sections for room tem-
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perature15. In Fig. 1, (42/A)sat(®)[(AA]A)sat (€= 0)
is plotted versus & = nge/(np, + nme) for several
values of the parameter b. A noticeable fact is that
the curvature changes the sign with increasing
values of the parameter b (which could, in principle,
also be negative) so that a maximum appears for
larger b values. The preliminary experimental cur-
ves? for linear molecule-noble gas atom mixtures
all show a concave behavior. Provided that our
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