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Kinetic Theory for Mixtures of Dilute Gases of Linear Rotating Molecules 
II. The Senftleben-Beenakker Effect of the Heat Conductivity 
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The system of transport relaxation equations obtained from the linearized Waldmann-Snider 
equation is the starting point for the kinetic treatment of the heat conductivity for mixtures of 
linear diamagnetic molecules in an external homogeneous magnetic field. The connection of the 
occurring collision integrals with certain molecular cross sections is discussed and order of magni-
tude considerations are made for molecules with small nonsphericity of their interaction. With the 
Kagan polarization as the decisive rotational angular momentum anisotropy term in the molecular 
distribution function, an expression for the heat conductivity ini the presence of a magnetic field 
is derived for mixtures with an arbitrary number of components. The mole fraction dependence of 
the saturation values is studied for binary mixtures of rotating molecules and noble gas atoms for a 
simplified model. As an example, the system o-D2/He is considered. 

Introduction 

In a recent paper1, the moment method2 has been 
used to obtain the (infinite) system of coupled 
transport relaxation equations (in the following ab-
breviated by TRE) for mixtures of dilute gases of 
linear diamagnetic molecules from the linearized 
Waldmann-Snider equations3»4. A special scheme of 
expansion tensors (trial functions) built from the 
dimensionless molecular velocity C, the dimension-
less operator for the rotational angular momentum, 
J, and the dimensionless internal rotational energy 
<O(J) has been introduced1. The truncated system 
of special TRE has been written down up to third 
rank tensor equations1. 

The special system of TRE can be used as the 
starting point for the theoretical treatment of trans-
port and relaxation phenomena in mixtures of 
dilute gases (which may consist of an arbitrary 
number of components) of linear molecules in an 
external homogeneous magnetic field. Experimental 
work on the magnetic field effects on transport 
properties in mixtures has been done for diffusion5, 
thermal diffusion 6 (in both cases without a measura-
ble effect having been found), viscosity7, and is in 
progress for the heat conductivity8. The influence 
of an electric field on the heat conductivity of 
polar gas — N2 mixtures has recently been ex-
per imental ly invest igated b y D E GROOT et a l . 9 . 

The present paper is concerned with the Senft-
leben-Beenakker effect (SBE)10 of the heat con-
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ductivity in mixtures, in particular binary mixtures 
of linear molecules with noble gas atoms. In contrast 
to the viscosity case which for mixtures has been 
studied theoretically by TIP11 in a classical treat-
ment, there is, to our knowledge, no corresponding 
quantum mechanical treatment of the heat conduc-
tivity problem. Recently, the viscosity of mixtures 
of polar gases with argon and helium has been 
investigated for the electric field case experimentally 
as well as theoret ical ly b y LEVI, SCOLES a n d TOM-
MASINI12 who followed Tip's work. 

As in the pure gas case, the changes in the heat 
conductivity due to the magnetic field are related to 
certain collision integrals of the linearized Wald-
mann-Snider collision term. The calculation of 
these integrals from first principles, i.e. from a given 
nonspherical molecular interaction is a difficult task 
which will not be considered here (cf. Refs.13.14). 
On the other hand, these collision integrals can, for 
a fixed temperature, be used as parameters to be 
determined from the experiment. The mole fraction 
dependence of the saturation values (zU||/A)sat and 
(ZlAx/A)sat from which these collision integrals could, 
in principle, be extracted, is experimentally studied 
by HEEMSKERK8, in particular for mixtures of 
rotating molecules with noble gas atoms. 

In the following, the system of special TRE 
needed for the treatment of the magnetic field 
effects on the heat conductivity is selected from 
Ref.1. The relevant collision brackets are discussed 
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and their orders of magnitude are estimated for 
molecules with small nonsphericity. In that case the 
relaxation coefficients can approximately be ex-
pressed in terms of Chapman-Cowling integrals15. 
The connection of the cross coefficients with mole-
cular orientation cross sections for the 2nd rank 
tensor polarization of the rotational angular mo-
menta is discussed. An expression for the heat con-
ductivity tensor is derived. In the last section, the 
mole fraction dependence of the saturation value of 
the SBE is investigated for binary mixtures of linear 
molecules with noble gas atoms. In order to simplify 
the calculation and to avoid the introduction of 
more than one adjustable parameter, a simple model 
is used. In it, only the coupling of the Kagan po-
larization16 with the rotational heat flux is taken 
into account. The remaining parameter then is the 
ratio of an effective cross section for the production 
of the tensor polarization in inolecule-atom collisions 
and the corresponding effective cross section for 
molecule-molecule collisions. As an example, the 
o-D-2-He mixture at room temperature is considered. 
The relaxation coefficients are evaluated for the 
classical rigid sphere model. The mole fraction 
dependence of zlA/A is finally plotted for different 
values of the above parameter. 

I. The Special Transport Relaxation Equations 
for the Thermal Conductivity in Mixtures 

A gas mixture consisting of K species of linear 
molecules (species label i = 1, ..., K) in a homo-
geneous magnetic field is considered. Starting points 
for the treatment of the heat conductivity problem 
are the vector equations in Table 2 of Ref.1 , taken 
for the stationary case. In first order hydrodynamics 
the gradients of all quantities except of those which 
obey the local conservation laws are put equal to 
zero. Experimental arrangements are considered 
where the mean mass velocity of the gas is zero (no 
convection) and the diffusion fluxes vanish. This 
implies that the average velocities <c4) oc a\x) can 
be put equal to zero. 

In the stationary state, the individual temperatu-
res (translational and rotational temperature of 
each species) have relaxed to a common temper-
ature T(x): a temperature gradient dl^Cx in the 
gas is caused by a temperature difference main-
tained externally. Thus we can put in the vector 
equations of Ref. 1 

V a i 2 > ^ ] / | v 2 > ) , (1.1a) 

V a f ^ ^ - y ^ V r W , (1.1b) 

where To is the equilibrium temperature (the devi-
ation of the gas from thermal equilibrium being 
small), crot; i is the rotational heat capacity per 
molecule at the temperature To for the species i, 
and is Boltzmann's constant. 

The heat fluxes qtrans and qrot can be expressed 
in terms of the vectors o[-3) and a[-4) by 1 

gtrans= y | ^dtaf\ (1.2a) 

9rot — l kB To I diaW. (1.2 b) 
r t'=l 

The abbreviations 

dt = tiioC{, dt — riio c(, (1.3a) 

have been used in Eqs. (1.2a, b). The thermal velo-
cities Ci and C{ are defined by 

ct = / 3 fcB Tohn], 5 = V ^ a . (1.3 b) 

The equilibrium particle density of species i has 
been denoted by n?o- The total heat flux q is the 
sum of gtrans and qTOt. 

For the situation considered, the relevant vector 
TRE are the following: 

V i) i 

3 (OH, i K + 2 COu•1 (/l X a>2)) " (1 -4a) 

- ~ coHJhvbV + J 2 -!<'><> = 0 , 
1 / 1 T0 + J , = ° ' ( L 4 b ) 

2 <»H,i(h X a f ) )n + y ^ o j H j h v b f J v 

+ 2 2 = ( L 4 D ) 
J = 1 k' = 1 

The vectors aj.2) oc (c x J)i and af) oc ( J J • c)i 
both describe nonequilibrium correlations between 
the molecular velocity c and the molecular rota-
tional angular momentum ft J ; the symmetric trace-
less tensor built from the components of J is 
denoted by J J. The vector a<2> is called "azimuthal 



polarization", the vector a (5 ) is called "Kagan 
polarization". As can be seen from Eq. (1.4a), the 
azimuthal polarization is coupled by way of the 
precession term — a>hj is the precession frequency 
of the magnetic moment of a molecule "i", h is a 
unit vector in the direction of the magnetic field H 
- to the pseudoscalar and to the 2nd rank 
pseudotensor , the physical meaning of which 
has been explained in Thus, in addition, the 
following two equations have to be considered: 

- 1 / - l - U H . i h a g + Z - o < 1 ) 6 S l ) = 0 , (1.5a) r ? = 1 

^ + coH,i •SS^vMffiv 

+ = 0 . (1.5b) 
7=1 

The tensors describe the infinitesimal 
rotation of an 1th rank tensor about h and have 
been used in Ref. 

In the same manner the Kagan vector is coupled 
in Eq. (1.4d) by way of the precession term to the 
pseudotensor bM„, so that Eqs. (1.4) have to be 
supplemented by the following equation for the 
pseudotensor 

3 5 
- C0H<4 1 + 3 0 J H ' 4 h x 

+ V j c o H j h ^ l + f _ 2 co f >ftg> = 0 . (1.6) 
' 7 = 1 

In Eq. (1.6) the third rank tensor a\2\x appears. 
Therefore we must also take into account the second 
of the third rank tensor equations of Table 2 in 1 : 

- ] / 3 + 2 COH,i 

+ I -3 < > « « > , = 0 . (1.7) 7 = 1 
The physical meaning of the tensors and 
can be inferred from Ref. 1 ; together with the Ka-
gan vector these tensors are essentially the irredu-
cible components of the flux of the tensor polariza-
tion. 

The set of Eqs. (1.4) —(1.7) is sufficient for the 
calculation of the SBE of the heat conductivity for 
gas mixtures with an arbitrary number of compo-
nents. In the Eqs. (1.5) —(1.7), the cross collision 
brackets a>^k'\ k 4= k', have tacitly been neglected 
compared with the relaxation coefficients (k = k'). 
This is certainly correct for molecules with a small 

nonsphericity of their interaction (see the following 
chapter). Nevertheless, the Eqs. (1.4) —(1.7) are 
still too unwieldy and further simplifications will 
have to be made. Firstly, the coupling between the 
azimuthal polarization and the Kagan vector will 
be neglected since it would lead to higher order cor-
rections in the (small) nonsphericity. Secondly, a 
"spherical" approximation for the relaxation coeffi-
cients will be made. This procedure is explained in 
the following chapter; one important result follow-
ing from the spherical approximation is the equality 
of the relaxation coefficients of the irreducible 
components of a reducible tensor, e.g. the flux of 
tensor polarization. 

II. Collision Brackets 

In this chapter the reduced collision brackets 
proAof the linearized Waldmann-Snider collision 
operator relevant for the heat conductivity problem 
are discussed, in particular for molecules with small 
nonsphericity of their interaction. We recall that 
the reduced collision brackets are abbrevi-
ations for sums of the more basic brackets 
and n which arise directly from the line-
arized collision term [cf. Eqs. (3.4) —(3.6) of Ref 
viz. 

Picof) = Pim<j*n-1 + . 
y 

Eq. (4.12) of Ref. 1 

where P and I denote parity and tensor rank of the 
expansion tensors (labelled with k and k') involved. 

For further treatment, it is convenient to intro-
duce the following dimensionless molecular quan-
tities : 

Dimensionless center-of-mass velocity: 

V = y(mi + m})l2kBT0 c, (2.1) 

where c is the center-of-mass velocity. 
Dimensionless relative velocities before and after 

the collision, respectively: 

Y = y'e' = \Zmijl2kB T0g', (2.2) 
Y = y e = yrriijl2 kBT0g, 

where my is the reduced mass, g' = g' e' = Cj — c'n, 
g = ge = ci — c n . Since a possibility of confusion 
does not exist, it is not necessary to supply V, y. 
and y ' with species labels i j . 



Dimensionless internal rotational energy: 

*n = Et{Ji)lkBTo etc., (2.3) 

where Et{J) = Ü2J{J + i)/2 0t. 

By use of the abbreviations 

Mi = ]/mil{mi + nij), Mj = }/ra^/(raf -f m}), 
Ca = j/m7/2 kB T0 a, etc. (2.4) 

the kinematic collision equations are 

Ca = Mi V + Mj y e, CjU = MjV— Mtye, (2.5 a) 

C'a = MiV+ Mj y' e', C-n = MjV-Miy'e'. (2.5 b) 

With the energy transfer 

Aß = S'a -j- S'ju — €i\> — S'jir , (2.6) 

the energy conservation in a collision is expressed by 
y'2 = y2 AS . (2.7) 

With the use of Eqs. (2.1), (2.2) and with Eq. (3.1) 
of Ref. 1 we obtain the following relation for the 
product of two equilibrium distribution functions 
/$> /$d3ClCZ3Cn = morijoiQi Qj)-1 (2.8) 

exp(— V2) exp(— y2 — Stl - £jU) d3 Vy2dy d2e. 

Next, the following molecular cross sections 
which will occur in the expressions of the special 
collision brackets, are defined. 

a) The "unpolarized differential cross section" 
Otj(I II, I ' II ') which is equal to the differential 
cross section averaged over the initial and summed 
over the final magnetic quantum numbers for the 
time reversed collision process (cf. 13), viz. 
Ji + Jn J'i + Jn, is given by 

o i ] = ( 2 J 1 + l ) - 1 ( 2 J n + l ) - 1 y 

• tritrii{a?- I I ' I ' I I 'at?' I I ' ' I I Ij . (2.9) 

In Eq. (2.9), ad11'I n ' is the single channel scattering 
amplitude (matrix with respect to magnetic quan-
tum numbers; remember that the matrix property 
is expressed by the superscripts I, II, etc.1), intro-
duced in Ref. 1, and " tr" is the trace over the 
magnetic quantum numbers. 

b) The "orientation cross section for vector 
polarization" is defined by 

a g = ( 2 J i + l ) " i ( 2 J „ + l ) - i £ 

• 1/3 tri trii{ajy11,111 «j/ 11'111 J1 ' »} , (2.10) 

where n = (e' x e)/sin^ is the vector normal to the 
scattering plane and % = arc cos(e' • e) is the angle 
of deflection. 

c) "Orientation cross sections for the 2nd rank 
tensor polarization" of the molecular rotational 
angular momenta are defined by 

o g > = ( 2 J I + l ) - i ( 2 J I I + l ) - i ^ ( 2 1 1 ) 

• t n t m { a } * - ™ 1 1 1 ] / f J ^ l ^ } , 

and, analogously, for \ o^-fK 
d) "Reorientation cross sections" for the Zth 

rank tensor polarization: 

retfg = (2 J j + 1 ) -1 (2 J I I + L ) " 1 ^ - ^ ^ - ( 2 . 1 2 ) 

• tntrn { j i i . . . j i i a i n . r n ' [ a j i ' n M H y . 
i i 

where J1 ... Jjn is the Ith rank irreducible Car-
tesian tensor operator built up from the rotational 
angular momentum vector J1 for molecules " I " . 
The analogous expression re0n# is defined by re-
placing J1 by J n in the commutator in (2.12). The 
arguments I, II, I', II' of the cross sections denoting 
their rotational quantum number dependence have 
been omitted for simplicity. 

The orientation cross sections describe the pro-
duction of various sorts of alignment of the rota-
tional angular momenta of the molecules " I " in a 
collision process J j + + (rotational 
quantum numbers). Since the trace of an irreducible 
tensor vanishes, they are connected with the 
magnetic quantum number dependent part of the 
binary scattering amplitude and thus with the non-
spherical part of the intermolecular potential. The 
reorientation cross sections describe, roughly speak-
ing, the change of an already existing alignment of 
the rotational angular momenta. They vanish also 
for a purely spherical interaction, because in this 
case the commutator in (2.12) is zero. 

For molecules with small nonspherical inter-
action, the scattering amplitude can be written 
approximately (up to linear terms in a scaling para-
meter e which essentially measures the ratio of the 
nonspherical and the spherical part of the poten-
tial13»14) as 

a in,rir = a(o> pin <3nifi'ii' + £ < 1 ) i n - r i r , (2.13) 

where aff is the magnetic and rotational quantum 
number independent ("spherical") part of the 



scattering amplitude, PHI is the two-particle pro-
jection operator in rotational angular momentum 
space [see Eq. (1.7) of Ref. i], and e a g ) i n ' r i 1 ' is 
the first order DWBA "nonspherical" part of the 
scattering amplitude (e 1, valid e.g. for the 
hydrogen molecules). As can be shown in the first 
order distorted wave Born approximation (DWBA) 
for scattering of linear rotating molecules13»14, the 
trace tritrn {aW111,1 '11 '} vanishes. Thus we have 
by means of (2.10) 

try (I II, I ' l l ' ) = OyMiii.i'ii' + 0(e2); 
o f = \ a W \ * , (2.14) 

where the d-symbol expresses that the spherical 
part of the scattering amplitude is connected only 
with energetically elastic collisions. Furthermore, it 
can be shown within the same approximation13»14 

that the orientation cross section for the vector 
polarization is at least of the order e2 due to in-
elastic collisions while the orientation cross sections 
for the tensor polarization are linear in e for elastic 
collisions and quadratic for inelastic ones. In any 
case, the reorientation cross sections (2.12) are at 
least of 0(e2) because the commutator is linear in e. 
These statements are useful for estimating the 
orders of magnitude of the various collision brackets 
for molecules with small nonsphericity. 

The reduced collision brackets and 
p i a t V p ^ , defined in 1 by the Eqs. (3.4), (3.5), (4.10) 
can, in general, be factorized in the following way 

where njo is the equilibrium particle density of 
species j, VQ = j/8 TO/TT m.y is a mean thermal 
velocity, and the quantities pio\kk'̂  are effective, 
temperature dependent cross sections which are 
(for k=t k') not necessarily positive. 

Next, general expressions for the effective cross 
sections are given. It is useful, to introduce the 
following bracket symbols 

{ . . . } = TI 3/2 J exp (— F2) (' * *) d3 V , (2.16) 
and 

[•••1=2 71 (QI G ; ) - 1 2 (2 JI + 1) (2 J i i + 1) 
J i, Jn, J I', J ii' 

X JJex p(— y2) y3 (• • •) sin % d% &y . 
(2.17) 

The first bracket symbol, Eq. (2.16), denotes an 
averaging over the center of mass velocity. The 

second one, Eq. (2.17), describes a weighted aver-
aging over y and the postcollisional rotational 
quantum numbers J j , J n , as well as an integration 
over the angle of deflection i and a summation 
over the precollisional rotational quantum numbers 
J j , J n . In the following we restrict ourselves to the 
discussion of three relevant cases: 

a) Let and be "classical" ex-
pansion tensors, i.e. c-numbers in rotational angular 
momentum space depending only on Q and Si. By 
application of the optical theorem to the expressions 
(3.4) of Ref. 1 and with the use of Eqs. (2.8)-(2.17) 
we obtain 

P ^ f ' ^ = 2 ( 2 Z + l ) - 1 (2.18) 
• - L > 

and the corresponding effective cross section 
Pia<**'n-I i8 obtained if in (2.18) the term ( & n - & a ) 
is replaced by (0ju — ^>;ii')-

b) Now let 0\™[] ßl be a "classical" expansion 
tensor and 0\£k)....Ui a "quantum mechanical" one, 
i.e. the latter shall depend on J. Then one finds 

p * r n —2(2/ + i ) - 1 f ( y 7 y ) m f t ? . . . , -
X t n t r n ^ ^ . a l / ^ ' n ' a l i ' n M H ] } ! . ( 2 . i 9 ) 

The expression for pio\kk'^ n differs from (2.19) by 
(0jii — 0 j u ) occurring instead of (0 a — 0 a ) . 

c) Finally, the expansion tensor shall be 
a "quantum mechanical" one. The effective relaxa-
tion cross section is then given by 

x Ky'ly) { tr i tr„ [0|( fV.a} } 1 - 1 ' 1 1 (2.20) 

and P i O $ k ) ^ is obtained if one replaces 0\, 0\ in 
the commutator by 0jl, 0*1'. Since we are not inter-
ested in the coupling of two different "quantum 
mechanical" expansion tensors we do not deal with 
this more general case. In (2.18) — (2.20) we have 
used the fact that after evaluation of the integration 
over V and the spin traces, the remaining scalar ex-
pression can depend on the unit vectors e and e' 
only by way of the scalar product e • e = cos%. It 
is possible then to reduce the integral ) d2ed2e' . . . 
of Ref. 1 by 8TI 2 |s in^d^. . . and to apply 
Eq. (2.17). 

For i = j one recovers easily in all cases that 
Pl0)[kk-n + piCO(tt')-ii = cowj, 



where ojf,f} is the corresponding collision bracket 
for the pure gas of species i which has been defined 
in Refs. 17. 

For molecules with small nonsphericitv, a "spheri-
cal" approximation for the collision integrals (only 
the "spherical" part of the scattering amplitude is 
considered) can be made for certain cases of a) and 
c), viz. always when the resulting expressions are 
unequal to zero. This approximation can, however, 
never be made in case b) because the trace is always 
of order e or e2 due to the nonspherical part of the 
scattering amplitude. In the "spherical" approxima-
tion one has only elastic collisions, i.e. y' — y, 
J J — J J, J JJ = Jn- Since the "spherical" part of 
the scattering amplitude, does not depend on 
magnetic and rotational quantum numbers, the spin 
traces and J-summations can easily be performed as 
well as the V-integration. The remaining expressions 
for (2.18), (2.20) can then be written in terms of 
Chapman-Cowling integrals15 which are defined by 

oo 
Q(l r) = 2jt )* exp (— y2) y2r+3 

o' 

X J ( 1 - cos' x) of sin XdXd y, (2.21) 
o 

where o f f has been defined in Equation (2.14). 
Now let us consider the special effective cross 

sections occurring in the heat conductivity for 
molecules with small nonsphericity. Without terms 
in 0{e2) (i.e. in "spherical approximation") the 
following are the relaxation cross sections of 
"classical" expansion tensors, obtained from 
Eqs. (2.18) and (2.21): 

I) Relaxation cross sections for the translational 
heat flux 
sph (33)-| = J/4 jy 2 - 1 -1 °ij — iuijyj.jO 0 

32 32 1 
15 I 

40 W fi(U) 3 I m j ^i j (2.22) 

0 ( 1,3) l 64 
^ 15 

m ) Q{2,2) 
\mi! <J • 10 mi 

sphCT(.33)-in = (MtM,)Zv^i- "»QU*» + 332 Q(i>2) 

- f f ß j j - s > + f j ß g ' 2 > ] . (2.23) 

2) Relaxation cross sections for the rotational 
heat flux 

sph (11)-
-0uij 

«pha(44)n = y Mj v-1 Qas); (2.24) 

sphff(4,4)-in = o . (2.25) 

The cross sections which couple the translational 
and rotational heat fluxes are linked with inelastic 
collisions only. Thus they are of order E2 and can 
be neglected compared with the "diagonal" relaxa-
tion coefficients. 

3) Relaxation cross sections of the azimuthal 
polarization and the Kagan polarization: 

sph<y(22)n = spha(55)n = 111/2^-1^1,1) (2.26) 

The corresponding cross sections ^ o " ^ n vanish 
since one has (cf. (2.20)) tri(<P?/li J = 0. Further-
more, we have 

spha(.iin = spha(i,i)n ; (2.27a) 

®pha(22)n = sph0(22)n = sph0(55)n (2.27b) 

Equations (2.27a. b) express the fact, that in 
"spherical" approximation the relaxation cross 
sections of the irreducible parts of a tensor are 
equal; reorientation cross sections (2.12) do not 
occur within this approximation. 

Next, the coupling cross sections between azi-
muthal polarization and Kagan vector on the one 
side, and translational and rotational heat flux on 
the other side are discussed. Abbreviations for 
equilibrium mean values of J2 and J2(J2 — 3/4) for 
species i are introduced by 

an = a2i- = < J 2 ( j 2 _ 3 / 4 ) > - i / 2 . (2.28) 

Then from Eqs. (2.16), (2.17), (2.19) and with the 
definitions of the orientation cross sections for vec-
tor- and tensor polarization, Eqs. (2.10), (2.11), the 
following expressions for the coupling cross sections 
are obtained: 
1) Coupling cross sections between azimuthal polari-

zation and translational heat flux 

- i^ : f 3 n = MfoLidy / ( Ö / 2 - y'2) o ® sin x \ , 

(2.29a) 

- i < 4 ? 3 n n = - {MtlMj)*-«!®»-*. (2.29b\ 

2) Coupling cross sections between azimuthal polarization and rotational heat flux 

_ i a ( f n = 2 sin*] , (2.30a) 

_ l 0 j « n n = A y ^ g L M i Mj3.ulyy'{<o jw - <*,>0) o ® sin x\. (2.30 b) 



3) Coupling cross sections between Kagan polarization and translational heat flux 

- i f f < f n i 1/f M^^ilyHl + M)(y2 - 7/2)) o g ) - M2y'2o%p + Mfyy'(5/2 - y ' 2 ) < > 

- i f f j f n ^ = -J f i Mj a2i [y2 (7/2 - y2) _ y>2 _ y /(5/2 _ /2) . 

4) Coupling cross sections between Kagan polarization and rotational heat flux 

- 1 0 -

-iff 

(54)"1 

ICB 
15 CrotJ 

f M ^ 2 i l y H S t l - <^>o) ffg} - 7 y ' (Ai - - o) ffgpj, 

MiMjx2ilyH<^}0 - + yy' - <^>o)o$Pl 

(2.31a) 

(2.31b) 

(2.32 a) 

(2.32 b) 

For hotnonuclear molecules, the orientation cross 
sections for tensor polarization (2.11) contain con-
tributions linear in the non-sphericity parameter e 
due to elastic collisions13-14 while the orientation 
cross section for vector polarization, Eq. (2.10), is 
at least quadratic in e. Thus the coupling cross 
sections (2.31), (2.32) are one order of magnitude 
larger than the cross sections (2.29), (2.30). It can 
also be shown in DWBA13»14 that, linear in e, we 
have o g ) = o<#'> * o-(p which implies, e.g., that 

0(E2). (2.33) -iff (53)1 n = _ ( M i / M j ) 3 - i f f ^ 3 ) _ 1 

Thus, in the case of homonuclear molecules (with 
a P2-type nonspherical interaction13-14) the domi-
nant contributions to the SBE of heat conductivity 
will be determined by the coupling of the Kagan 
vector with the heat fluxes. This statement, how-
ever, seems also to be true for heteronuclear mole-
cules, such as HD, as one can infer from the ex-
periments. 

Finally, we mention that the effective cross sec-
tions - io\fk ) with k' — 3,4 and k — 2,5 can be ob-
tained from Eqs. (2.29—2.32) with the help of the 
Onsager symmetry relation, Eq. (4.14), of Ref.1. 

III. The Heat Conductivity in the Presence 
of an External Magnetic Field 

The system of transport relaxation Eqs. (1.4a) to 
(1.7) is considered once more. Using the results of 
the last chapter we can neglect the contributions of 
the azimuthal polarization to the SBE certainly for 
homonuclear molecules with small nonsphericity, 
such as H2, D2. The experiments10 show, however 
that this neglect can also be made for arbitrary 
linear molecules. Thus the Kagan polarization is the 
decisive rotational angular momentum anisotropy 
term in the molecular distribution function. Further-
more, the cross coefficients coupling the translational 

and rotational heat flux vectors are neglected com-
pared with their relaxation coefficients. The matrix 
- i ß / i f becomes — according to the results of 
Chapter II — diagonal with respect to i, j in the 
"spherical" approximation for which also the rela-
tion, Eq. (2.27 b) holds. This relation will greatly 
simplify the calculation of the heat conductivity 
tensor. 

Next, some remarks on the notation have to be 
made. In the following, matrices with respect to the 
species labels (i, j) will be denoted by boldface Greek 
letters (e.g. co) and columns with respect to the 
species labels by boldface Latin letters (e.g. a^5)). 
The dot " o " will denote the matrix multiplication 

matrix or co o a (5) (e.g. co o cp which is again a _ _ 
which is a column). The inverse matrix of co is 
denoted by x, i.e. x o co = 1 where 1 is the unit 
matrix. The Greek index notation for Cartesian 
vectors, tensors etc. will be maintained. Since in 
the following only PI = — 1 will occur, the sub-
scripts " - 1 " on the left side of co.. and x.. will be 
dropped for simplicity. 

It is convenient to introduce a matrix cp by 
<PU = a ) H r s v * x f \ (3.1) 

where com — yiH is the precession frequency (y*is 
the gyromagnetic ratio) for the magnetic moment 
of the molecule " i " . Two Cartesian vectors B^ and 

which are columns in the index space are also 
introduced by 

B ^ b g M , , A„ = a i f t M * . (3-2) 
If Eq. (1.6) is multiplied with V p h * ( 5 5 ) and Eq. (1.7) 
with AvÄAsphx<55) from the left and the definitions 
(3.1), (3.2) are observed then the system of trans-
port relaxation equations can be rewritten in the 
form (for c, c see Eq. (1.3b)) 

y I y- VßT + w<33>oa<f> +co<35>oa<f> = 0, 
(3.3 a) 



~ T + to(44> O + co(45) o a<f> = 0 , (3.3b) 

(5) (3.3c) - 2 cp ° a(5>e^ihi + v l Q cp oB^ + a<? 
- f x(55) O U)(53) o a;,3) + x<55> o to(54) o a ^ = 0 , 

3 1 5 
— ^ <P ° ajf) hvh v — g cp o B„ eßvx ÄA + B^ 

+ (3.3d) 

/ 2 

The vector equation 
2f(m)P(rn)av = W 

(3.5) 

(3.6) 

(with /(m) being arbitrary complex functions) then 
has the solution 

(3.7) 

Furthermore, one has 

(3.8) 
Using Eqs. (3.5) —(3.8) we first express the vector 
Aß in (3.3e) in terms of the vector B^. Next we 

with the heat conductivity tensor 

insert the result into Eq. (3.3d), express B^ in terms 
of a(f } and, finally, in terms of a^ , a^4). One 
obtains 

o (x<55> o CO(53) o a^3) + x<55> oi»(M) o a<f), (3.9) 

where 
Pll = P(0) fiv ' 

— V y C p o B v h ß h v — 3 cp o APeßVAh^ Aß = 0. 
(3.3e) 

In order to solve this system of coupled vector 
equations, i.e. to express a ^ in terms of the tem-
perature gradient second rank tensors are 
introduced which act as projection operators17 

Pfi" = i (<V ~Khv±i eßX,hx), P™ = Khv . (3.4) 
They have the following properties17 

p(m) p(n) S(mn) P(n) p(m)* — p(-m) V pm s. rnv r v\ — ° rn?. ' rnv — r HV > Z,rHV — 

pi _ p(D i p(-1) 
Hv Hv 1 Hv ' 

P ^ - H P ^ - P ^ ) (3-10) 
are projection operators which project out the com-
ponents of an arbitrary vector a in the direction 
of h, perpendicular to the A-direction, and in the 
transverse direction h x a, respectively. In Eq. (3.9) 
the following abbreviations have been introduced: 

T" = (1 + c p o c p ) - 1 o ( l + §cpocp), (3.11a) 

z 1 = {1 — ^ [cp o cp o (1 -f cp o cp)-1 

- f - 8 cpocpo ( l -f-4cpo cp) -1]} , (3.11b) 

xtr = — cp o [(1 4- cp o cp)"1 

4(1 + 4cp ocp) - 1 ] . (3.11c) 

If Eq. (3.9) is inserted into Eqs. (3.3a, b) and 
j/5/6 kB T0 d+ o x(33) o is applied from the left to Eq. 
(3.3a) and (l/]/3) kB ^od1" o x<44> o to Eq. (3.3 b) (for 
d and d see Eq. (1.3a), the " t " sign denotes the 
transposed column, i.e. a row) and the results are 
added, an expression for the heat flux is obtained. 
But the right hand side of this expression still con-
tains the vectors ajp and a(4). Since, however, the 
corrections due to the Kagan polarization are small, 
the first step of an iteration is sufficient. One ob-
tains for the total heat flux 

qn = — Aßv(H) T, (3.12) 

XßV{H) = A(H = 0){ößv + [f dt O x(33> o C - f dt o X<44> O Cj"1 X ( l / y dt O X<33) o CO(35) + dt O X <44> o CO (45)j 

O Tuv o X<55) ( y ' 52 CO(53) o X<33) o C + CO<54) O X<44> O C j } . 

The tensor is defined by 
= PJ!L(T" - 1 ) + P ^ 1 - 1 ) + P ^ 1 , 

{tuv (cp = 0) = 0) and the zero field thermal conductivity is given by 

I dto"x(33)oC + d t o x ( 4 4 ) o C + ("|/^dtox(33)oco(35) + dt O X (44> O CO (45) ] o X<55) 

(3.13) 

(3.14) 

X{H = 0) = ~ 

I jj CO (53) O x(33) O C + CO(54) O X<44> O C (3.15) 



Equation (3.13) is valid for mixtures of an arbitrary 
number of components consisting of linear rotating 
molecules with small nonsphericity of their inter-
action. The formal expressions for the saturation 
values for the parallel and perpendicular SBE 

(AX^X(H = 0))sat 

= ( A » ( # - > o o ) - X(H = 0))ß(H = 0)), (3.16) 

and, analogously for (AX±/X(H = 0))sat can easily be 
extracted from (3.13) if one observes that 

xß,(<P 00) = ( - J P i - P±) 1 . (3.17) 

Then, for fixed mole fractions, also the relation 
AX^jAX^ = 3/2 holds as well as in the pure gas 
case14, is.1 9 . 

Of course, Eqs. (3.13) —(3.15) must cover the pure gas case. Indeed, the columns, rows, and matrices 
with respect to species labels then become single numbers and one obtains the well known result19 

A j r (H) = A P m ( H = 0) { V + [5/2 a>«»> + Crot/^B c o ^ l - 1 

[ | / o CO™/CO™ + O^lcO^f TßV (cp)} . (3.18) 

In (3.18), the precession angle is cp = (OH/CO^ and Eq. (3.15) gives 

Ap u r e (# = 0) = n0 k% To 5/2 co<33) + Crot/fcB ©< ! ?+ ( c o ^ ) - 1 ( ] / | co^/co™ + co<*4>/a><i4>) .(3.19) 

To obtain (3.18), (3.19), use has also been made of the Onsager symmetries = o/®®* and = 
co<«> (cf. Refs.1 4 '1 7 ) . 

IV. Concentration Dependence 
of the Senftleben-Beenakker Effect 

for a Binary Mixture of Rotating 
Molecules and Atoms 

The dependence of the SBE on the mole fractions 
is complicated, in general, since the to, x, cp ma-
trices as well as the quantities d, d are concentration 
dependent. To get some insight into the structure 
of the mole fraction dependence, a particular binary 
mixture is considered consisting of linear rotating 
molecules ("1") and noble gas atoms ("2"). Although 
the expression (3.13) for the heat conductivity ten-
sor is considerably simplified in this case, the ex-
plicit expressions for the saturation values 

[AX/X(H = 0)]sat 

(with AX = A)} or AX1) contain still too many 
unknown parameters. Since the occurring relaxa-
tion coefficients can — in "spherical" approxima-
tion — be expressed in terms of ß-integrals (see 
Chapter III) the unknown parameters are the effec-
tive orientation cross sections 

(»,7 = 1 ,2 ) . 

The calculation of these cross sections from a non-
spherical potential is a formidable task13»14 and 
will not be considered in this paper. Therefore these 
coupling cross sections are treated as parameters. 

The fact that cro t and the vectors (rota-
tional heat flux, Kagan vector) are equal to zero 
for the noble gas reduces the number of parameters, 
but still too many are left. 

This difficulty is overcome by the following model 
assumption: The coupling of the rotational heat 
flux with the Kagan polarization gives 
the dominant contribution to the effect, the coupl-
ing of the translational heat flux with the Kagan 
vector is neglected. This assumption (which is in 
good agreement with experiments for pure Hz, D2) 
may be approximately valid for homonuclear mole-
cule-atom mixtures and reduces the number of un-
known parameters to two, namely the coupling 
cross sections o(154) = a ^ 1 - f cr^"1 n (effective 
orientation cross section for the pure gas of mole-
cules " 1 " ) and which involves the molecule-
atom collisions. If the mole fraction is introduced by 

^ = ^20/(7*10 + ^20), (4.1) 

(x = 0 if only molecules are present, x = 1 for the 
pure noble gas) then in the "normalized" expression 
(AXjX)Sat (x)l(AXIX)sa,t (% — 0) only one parameter ap-
pears, viz. the ratio of the two orientation cross 
sections o(1|4)n/cr(154j. This ratio is a measure of the 
effectiveness of the molecule-atom collisions rela-
tive to the molecule-molecule collisions for produc-
ing a tensor polarization of the molecules if a heat 



flow is present. It has thus a direct physical mean-
ing. The model calculations give insight into the 
characteristic features of the mole fraction depen-
dence of the saturation values for the parallel and 
perpendicular effect and may be considered to be 
representative also for the more general case. 

Starting from Eq. (3.13) we obtain in our model 
for (j;JI/A)sat e.g. (A = ; . ( # = 0)) 

(zU»M)sat = - t [f d+o x<33) O C + dx C i / w ^ l " ! 
X dx (co[f (o[5»lco[\V (O<¥> co[\V) CL. (4.2) 

In deriving Eq. (4.2) use has been made of the fact 
that the quantities c, d, io<44>, to<45>, io<54>, oo<55> 
have to be treated as numbers in the species label 
space (this can be inferred from the system of TRE, 
Eq. (1.4)). Next, we observe that any ro***'* diagonal 
in the species labels can be written in the following 
form [cf. Eq. (4.12) o f i ] 

coW' >= ni0vi0(a\f)_1 + ^f'n_1) + %n}. 0*>><-f n ) , 
}' * i 

(4.3) 

and any non-diagonal collision bracket as 

( o f ) = n} o vq rxjf >i 1 , i * j. (4.4) 

In Eqs. (4.3), (4.4), 

i'io = J/i6kB Tolnmt, v'Q = \/S kB T^nmf/ and 
= j/8 Tojnmij. 

The effective cross sections a ' are independent of 
concentration; the notation 07 = a^ + o^1 n will 
be used. After some algebra one obtains 

_ A (x) A(0) + B(0) C(x) 
~ A (0) A(x) + B(x) C(0) ' (4.5) 

where the functions 4̂ (x), B (x) and C(x) are 
A (X) = (Crot/̂ B) (1 ~ [(/?! < 3 ) (I - -r) + or<f)"l x) 
• (ß2 O^x + (1 - *)) - X(l - X) (<7<323)_n)2] , 

(4.6) 

B ( x ) = t [o(M)~\x (4.7) 

+ ßi < 4 ) U - x)) [(1 - x) ( 4 f ^ (1 — a:) 
+ ß2 433) x)-x(l-x)2 ß2 ß~1 o(f)"i 1 

+ ßlßT2x(afi^ x + ßx o<33)(i _ x))], 

C(x) =(ßl(l-x) + bx)2 (ßi oj55)(1 - x ) + a\,|5n .r)"i 

' o f ^ V i (1 - -r) ai44) + o (1t4n -»r1 • (4.8) 

The abbreviations 

ßi = (violvo) = (2 m2/(mi + wiz))1/2, 
ß2 = (v2olv0) = (2 mi/(mi + ma))1/2, (4.9) 

and 
b = a[\^la{ 5 4 ) (4.10) 

have been used. The diagonal effective cross sec-
tions can, in "spherical" approximation, most easily 
be calculated for the classical rigid sphere model. 
The results are (i, j = 1,2) 

8 71 o 
(?) (33) 

15 

m,mj —(33) | _ I 7 1 
H 15 (m t + mj)3 

r<44) cn ' = <n (55) 

18 Tr (ffljmj)3/2 

5 

2 n 

n(33)11 _ _ 
ii 5 (mi+m })3j 

^(44)n = rT(55)n _ 4 71 . ij ij n 

(4.11a) 

30 + 1 6 ^ + 1 3 4 ) 4 . mi m\I v 

(4.11b) 

(4.11c) 

(4.1 Id) 

»?,, (4. l i e ) 3 »ii + rtij 

where a\ is the diameter of the molecule, a2 is the 
diameter of the noble gas atom and a\2 = (a\ + a2)j2. 

j pa ramete r b 
15 -| I 2.0 

(A*)sat ,0 / AX\ U 
\ >• lsa\,x-0 

0.0 
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100 •/. O - D 2 100 7 . He 
* = n H e / ' " o - D j ^ H e 1 

Fig. 1. Relative change at saturation of heat conductivity 
for He/o-D2 mixture versus mole-fraction for several values 

of the parameter b defined in Equation (4.10). 

As an example, the system o-D2/He has been 
chosen. Calculations have been performed for room 
temperature (frot/^B ^ !)• The values ai = 2.76Ä, 
a2 = 2.18 Ä, a\2 = 2.47 Ä have been taken from the 
rigid sphere viscosity cross sections for room tem-



perature1 5 . In Fig. 1, (AXß)sai(x)l(AXß)B&t(x = 0) 
is plotted versus x — «He/(wD2 + % e ) for several 
values o f the parameter b. A noticeable fact is that 
the curvature changes the sign with increasing 
values of the parameter b (which could, in principle, 
also be negative) so that a m a x i m u m appears for 
larger b values. The preliminary experimental cur-
ves 7 for linear molecule-noble gas a tom mixtures 
all show a concave behavior. Provided that our 
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